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§2.1 �ÅCþ

�
¯��(J^Cþ�Lã'�N´.

ÕáEÝ�©15g, /�¡�þ�gê�20,

Ã�£Ä��¬, /Ä���g¬�ê�n0;

{ü�ÅiÄ, /n Ú�£Ä�� � �K0.

ù
(J�k�Å5:

äN��ØUýk(½, �u)��U5���±ý�.

���<: oÀº, U�: ÙE 1�Ù



 

�ÅCþ½Â

~1.1. 100��¬¥k5�g¬, 95��¬. �ÅÄ�20�. Ä

�Ñ�g¬�ê3Ä�c´���Åê�, �U�0, ½1,

. . ., ½5. 3Ä�����(½��(�6uÄ�(J).

½Â1.1. �^�|Se�z���U(Jω Ñ��/éA�

��¢ê�x “ Xpωq, K¡¢�CþXpωq ����ÅCþ,

{P�X.

5: Á�(Jω �gCþ, �ÅCþ��Xpωq �ÏCþ. �

ÅCþ��þ´ω �¼ê(òz�ω N��,�¢êx).

�X �'�¯�: X, tX “ 0u :“ tω : Xpωq “ 0u.
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~1.2. Ý¥5�¥, 2x3ç. l¥�ÅÄ�3�. /Ä��x¥ê0

X ´���ÅCþ.

r¥?Ò, 1, 2, 3Ò�ç¥, 4, 5Ò�x¥.

¤k(JC2
5 “ 10 «,

X �éA'X��L:

ω Xpωq

123 0

124 1

125 1

134 1

135 1

145 2

234 1

235 1

245 2

345 2

X ��0, 1, 2. tX “ 0u,

tX “ 1u, tX “ 2u Ñ´¯�.

d�;V.µ

P pX “ 0q “
C3

3

C3
5

“
1

10
,

P pX “ 1q “
C2

3C
1
2

C3
5

“
6

10
,

P pX “ 2q “
C1

3C
2
2

C3
5

“
3

10
.
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lÑ.�eZ~f

~1.3. üg�ÂÂ¥VÇ�0.8, �Â30g, /Â¥8I�g

ê0X´�ÅCþ. ����: 0, 1, 2, . . . , 30.

tX “ 0u, tX “ 1u, ¨ ¨ ¨ , tX “ 30u Ñ´¯�.

~1.4. Óþ, ëY�Â��1�gÂ¥��, ¤I�/�Â

gê0X´�ÅCþ. ����: ��ê.

tX “ ku ´¯�, k “ 1, 2, 3, . . . .

~1.5. ,úikÑu��400 ý. zýÑu�zU��æV

Ç�0.02. /�U¥k�æ�Ñu��ê80X ´�ÅCþ,

����: 0, 1, 2, . . . , 400.

lÑ.�ÅCþ: �k��½�����.

qX, ¯òN�®o��òÀJ'~, ��.
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ëY.�eZ~f

~1.6. ,ú�ð�Õz�5©¨k�ýð�ÏL. ,¦�é

d5Æ��Ø��, Ïd3?������ÕÑ´��U�.

Ù/ÿ��m0X ´�ÅCþ. ����: r0, 5q(ü : ©

¨). tX ą 2u, tX ď 3u, ta ă X ď bu Ñ´¯�.

~1.7. ����¤O,�/¡8I�Â, ±8I��I�:

ïá�IX. �X:�î�IX �p�IY þ��ÅCþ,

��: ¢ê(��´ëY�). �X:�8I�ålρ ´�ÅC

þ(ρ “
?
X2 ` Y 2), ����: �K¢ê.

ëY.�ÅCþ, �����«m(½eZ�«m�¿).

qX, �Æu��ÿþ�, ó�)�¥�ÅÄ�����¬

��þ�I(rÝ!MÝ!1'Ý!ÊÜå!nÝ. ��).

5: lÑ.�ëY.�	�Ù§a., ��§Ø�Ä.

���<: oÀº, U�: ÙE 1�Ù



 

VÇ©Ù(�)

§2.2 lÑ.�ÅCþ

lÑ.�ÅCþ: �k��½����.

�X �����x1, x2, . . . , xk, . . . .

tX “ xku, k “ 1, 2, . . . �¤��¯�|.

ü«L���z�tX “ xku �VÇ:

X �(VÇ)©Ù(�)/VÇ�þ¼ê({PPMF):

P pX “ xkq “ pk, k “ 1, 2, . . . (2.1)

X �(VÇ)©Ù(�)L:
X x1 x2 ¨ ¨ ¨ xk ¨ ¨ ¨

p p1 p2 ¨ ¨ ¨ pk ¨ ¨ ¨

�*: ¢¶þ, z�xk þ«1þpk. oþ�1.

5�: pk ě 0, k “ 1, 2, . . . ;
ř

k pk “ 1.

���<: oÀº, U�: ÙE 1�Ù



 

~1.2(Y). 3ç2x�5�¥¥?�3�, X “Ù¥�x¥ê.

VÇ�þ¼ê(PMF)�

P pX “ 0q “ 0.1, P pX “ 1q “ 0.6, P pX “ 2q “ 0.3.

X �VÇ©ÙL�
X 0 1 2

p 0.1 0.6 0.3
.

���<: oÀº, U�: ÙE 1�Ù



 

ü:©Ù/�:©Ù

��ÅCþX �U�1, 0, Ù©Ù�

P pX “ 1q “ p, P pX “ 0q “ 1´ p.

K¡X Ñlü:©Ù, �¡X ÑlËã|©Ù.

P�X „ Bp1, pq.

p �T©Ù�ëê. ��b½0 ă p ă 1.
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~2.1. 100��¬¥, 95�¬, 5g¬. �ÅÄ���.

X “

$

&

%

1, e���¬,

0, e��g¬.

X „ Bp1, pq, Ù¥, p “ 0.95. Ï�

P pX “ 1q “ 0.95, P pX “ 0q “ 0.05 “ 1´ 0.95.

ü:©Ù=·^u£ã�kü�(J��¹.

X, �¬/g¬, ¤õ/�}, A u)/Øu).

���<: oÀº, U�: ÙE 1�Ù



 

��©Ù

�zgÁ��k/¤õ0Ú/�}0ü«�U(J, ¤õV

Ç�p. ÕáEÁ�n g, -X L«Ù¥¤õ�gê.

X �����: t0, 1, 2, . . . , nu.

Pq “ 1´ p. 3§1.7¥®²y²,

P pX “ kq “ Cknp
kqn´k, k “ 0, 1, 2, . . . , n. (2.3)

e�ÅCþX �©ÙX(2.3)¤«, K¡X Ñl��©Ù,

P�X „ Bpn, pq. ëê: n ě 1, 0 ă p ă 1.

��ª½n:

n
ÿ

k“0

Cknp
kqn´k “ pp` qqn “ 1.

Bp1, pq =�ü:©Ù.
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Ñt©Ù

�λ ą 0. eX �©Ù�

P pX “ kq “
λk

k!
e´λ,

k “ 0, 1, 2, . . . p2.4q

K¡X Ñl

(ëê�λ�)Ñt©Ù,

P�X „ Poissonpλq.

~2.2. ��5Ô��ã�m

���α âfêP�X.

zg*	7.5¦, �*	2608g.

ÚOX “ k �ªê(ªÇ).

uyªÇ�C

Poissonp3.87q �©Ù�.

X ªê ªÇ pk

0 57 0.022 0.021

1 203 0.078 0.081

2 383 0.147 0.156

3 525 0.201 0.202

4 532 0.204 0.195

5 408 0.156 0.151

6 273 0.105 0.097

7 139 0.053 0.054

8 45 0.017 0.026

9 27 0.010 0.011

ě 10 16 0.006 0.007

oO 2608 1.000 1.000
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ªÇ: 7Ún�, Ñt©Ù�: ù�i.

0 2 4 6 8 10

0.
00

0.
05

0.
10

0.
15

0.
20

X

p

Poisson
Observed

���<: oÀº, U�: ÙE 1�Ù



 

Ñt©Ù���©Ù. âfê¯K�ï��A^:

�Ô�oNÈ�V . ò§��n �¬, z¬�NÈ�V
n .

b½(1): ��¬�Ñâf�Ä�pÕá;

b½(2): z�¬37.5 ¦S�Ñü�±þα âf�VÇ��

��Ñ; �Ñ��α âf�VÇ�pn “ µVn “ λ ¨ 1
n .

u´é�½�k,

P pX “ kq « Cknp
k
nq
n´k
n , pqn “ 1´ pnq.

 yeª(2.5). u´íÑX „ Poissonpλq.

lim
nÑ8

Cknp
k
nq
n´k
n “

λk

k!
e´λ. (2.5)

Ñt©Ù�A^: )ÔÆ!�Æ!ó�!üè�¯K.

X, NìS[ÿê; Ò�½Ù��\:ê; �����\>{

ê; ,´�²L�ð�ê.
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(2.5) �í�.

pn “
λ
n . �½k. -nÑ8,

Cknp
k
nq
n´k
n “

n!

k!pn´ kq!

ˆ

λ

n

˙kˆ

1´
λ

n

˙n´k

“
1

k!
¨
npn´ 1q . . . pn´ k ` 1q

nk
¨ λk ¨

`

1´ λ
n

˘n

`

1´ λ
n

˘k
.

1��ÏfÑ 1; 1o�Ïf�©1Ñ 1, ©f:

ˆ

1´
λ

n

˙n

“

«

ˆ

1´
λ

n

˙´n
λ

ff´λ

Ñ e´λ.

íØ(^Ñt©ÙCq��©Ù). �n é�, np « λ �,

Cknp
k
nq
n´k
n «

λk

k!
e´λ.
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�kN ��¬, Ù¥M �g¬. l¥?�n �, Ù¥�g¬

êP�X. K(ë�1�Ù~2.5; U�½, eb ą a, KCba “ 0)

P pX “ mq “
CmMC

n´m
N´M

CnN
, m “ 0, 1, 2, . . . , n.

¡X Ñl�AÛ©Ù. N,M,n �ëê.

��ó, N,M,N ´M é�, n Ø��. (n ăM,N ´M).

�AÛ©Ù���©Ù: g¬Çp “ M
N .

Ã�£Ä���£Ä�.

�½n. é?¿m “ 0, 1, ¨ ¨ ¨ , n,

lim
NÑ8,M

N
Ñp

CmMC
n´m
N´M

CnN
“ Cmn p

mqn´m.

���<: oÀº, U�: ÙE 1�Ù



 

y²: �½n, m; -N Ñ8, M
N Ñ p. Xe��

CmMC
n´m
N´M

CnN
.

M !

pM ´mq!m!
¨

pN ´Mq!

rN ´M ´ pn´mqs!pn´mq!
¨
pN ´ nq!n!

N !

“
n!

m!pn´mq!
¨
M ¨ pM ´ 1q . . . rM ´ pm´ 1qs

Nm
¨

rpN ´Mqs ¨ rpN ´Mq ´ 1s . . . rpN ´Mq ´ pn´m´ 1qs

Nn´m
¨

Nn

N ¨ pN ´ 1q ¨ ¨ ¨ rN ´ pn´ 1qs
.

�n�Ïf©Oªupm; p1´ pqn´m; 1.
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§2.3 ëY.�ÅCþ

~: �X:�8I���ål; ���m.

ï�`³: �O(/£ã(J; £ã¯��VÇ.

5: �ÄtX ą au, ta ă X ď bu�, ��Ø�ÄtX “ au.

½Â3.1. e�3�K�È¼êppxq, p´8 ă x ă 8q, ¦�

P pa ă X ă bq “

ż b

a
ppxqdx, @a ă b. (3.1)

K¡X �ëY.�ÅCþ;

¡ppxq �X �(VÇ)�Ý(¼ê)({PPDF). P�X „ pp¨q

���<: oÀº, U�: ÙE 1�Ù



 

�Ýppxq

�Ý��´ëY½©ãëY�¼ê(�=kk��mä:).

�Ý��*¹Â: eppxq 3x0 ëY, Kéé��δ,

P
`

X P px0 ´ δ, x0 ` δq
˘

“

ż x0`δ

x0´δ
ppxqdx « 2δ ¨ ppx0q,

=, VÇ�Ý ppx0q «
x0NC�VÇ(�þ)

x0NC�NÈ/�Ý
.

5: (VÇ)�ÝØ´VÇ(�þ).

ppxq ě 0; �
ş8

´8
ppxq dx “ 1, Ï�

ş8

´8
ppxq dx “ limnÑ8

şn
´n ppxq dx “ limnÑ8 P pAnq “ 1,

Ù¥, An “ t´n ă X ď nu Õ Ω, �P pAnq Õ P pΩq “ 1.

5: ¯��VÇ ď 1, �ppx0q ď 1 Ø´7L�.
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é?¿a P R, P pX “ aq “ 0.

y: é��ên,

tX “ au Ď

"

a´
1

n
ă X ă a`

1

n

*

ñ P pX “ aq ďP

ˆ

a´
1

n
ă X ă a`

1

n

˙

“

ż a` 1
n

a´ 1
n

ppxqdx
nÑ8
ÝÑ 0.

5: P pa ă X ď bq “ P pa ă X ă bq. ��Ø�ÄtX “ au.

UCü�:x0 �¼ê�ppx0q, ØK�pp¨q �È©. Ïd, U

C��¼êE�X ��Ý.

ep1pxq, p2pxq Ñ´X ��Ý, �Ñ3x0 ëY,

Kp1px0q “ p2px0q. (5: �±¦þ?1ëY?�.)
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eX �VÇ�ÝXe:

ppxq “

$

&

%

1
b´a , �x P ra, bs;

0, Ù§,

K¡X Ñlra, bs «mþ�þ!©Ù,

P�X „ Ura, bs ½X „ Upa, bq.

5: ��±òppaq, ppbq U�0; �Ø�UÙ¦:��.

þ!©Ù��*¹Â: éa ď c ă d ď b,

P pc ă X ă dq “

ż d

c
ppxq “

d´ c

b´ a
, �'u«m�d´ c.

§2.1 ~1.6 ¥����mÑlþ!©Ù.
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�λ ą 0. eX �VÇ�ÝXe:

ppxq “

$

&

%

λe´λx, �x ě 0;

0, �x ă 0,

K¡X Ñl(ëê�λ�) �ê©Ù,

P�X „ Epλq ½Exppλq.

é0 ď a ă b,

P pa ă X ă bq “ λ

ż b

a
e´λxdx “

ż λb

λa
e´tdt “ e´λa ´ e´λb,

P pX ą aq “ λ

ż 8

a
e´λxdx “ e´λa, P pX ă bq “ 1´ e´λb,

ż 8

´8

ppxqdx “

ż 8

0
ppxqdx “ 1.

���<: oÀº, U�: ÙE 1�Ù



 

��©Ù

�µ P R, σ ą 0. eX �VÇ�ÝXe:

ppxq “
1

?
2πσ

exp

"

´
1

2σ2
px´ µq2

*

. (3.4)

K¡X Ñl��©Ù(ëê�µ, σ), P�X „ Npµ, σ2q.

5: ~^σ2 �ëê, �Ý¥�Xê�~�� 1?
2πσ2

.

ppxq �¥¨/, ���:3x “ µ, 'ux “ µ ¶é¡;

3x “ µ˘ σ ?k$:.

�xÑ ˘8 ��±x ¶�ìC�.

µ û½�¥% �;

σ ��, ��²�, σ ��, ��Í�.

���<: oÀº, U�: ÙE 1�Ù



 

¡Np0, 1q �IO��©Ù, Ù�Ý�

φpxq “
1
?

2π
e´

x2

2 .

 y
ş8

´8
φpxqdx “ 1.

I :“

ˆ
ż 8

´8

e´
x2

2 dx

˙2

“

ż 8

´8

ż 8

´8

e´
x2`y2

2 dxdy.

�4�IC�, -x “ r cosϕ, y “ r sinϕ,

ˇ

ˇ

ˇ

ˇ

ˇ

dx
dr

dy
dr

dx
dϕ

dy
dϕ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

cosϕ sinϕ

´r sinϕ r cosϕ

ˇ

ˇ

ˇ

ˇ

ˇ

“ r,

�, I “

ż 8

0

ż 2π

0
e´

r2

2 rdrdϕ “

ż 8

0

1

2
e´

w
2 dw ¨ 2π “ 2π. pw “ r2q

���<: oÀº, U�: ÙE 1�Ù



 

Np0, 1q ��Ý: φpxq “ 1?
2π
e´

x2

2 .

Npµ, σ2q ��Ý:

ppxq “
1

?
2πσ

exp

"

´
px´ µq2

2σ2

*

“
1

σ
φp
x´ µ

σ
q.

CþO�: x´µ
σ “ t. K

ş8

´8
ppxqdx “

ş8

´8
φptqdt “ 1.

��©Ù�A^: ÿþØ�!Nõ�þ�I(X, �¬��

Ý!rÝ�), þ�À�Ñl��©Ù.
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���ÅCþ3«m¥���VÇ:

�Z „ Np0, 1q. Xe½Â�Φp¨q vkw«L�.

Φpxq :“P pZ ď xq “

ż x

´8

φptqdt, φptq “
1
?

2π
e´

t2

2 .

dé¡5, Φp´xq “ 1´ Φpxq. �IïÄx ě 0 ���.

½5©Û: dâ7�{K, xÑ8 �, 1´ Φpxq « 1
xφpxq.

½þ©Û: Φpxq, px ą 0q, ®�¤L�, �P.431NL1.

�a ă b. KP pa ă Z ă bq “
şb
a φptqdt “ Φpbq ´ Φpaq. X:

P p1 ă Z ă 2q “Φp2q ´ Φp1q “ 0.9773´ 0.8413 “ 0.1360,

P p´1 ă Z ă 1q “Φp1q ´ Φp´1q “ Φp1q ´ p1´ Φp1qq

“2Φp1q ´ 1 “ 2ˆ 0.8413´ 1 “ 0.6826.
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éX „ Npµ, σ2q, -t “ x´µ
σ ,

P pa ă X ă bq “

ż b

a

1

σ
φ

ˆ

x´ µ

σ

˙

dx “

ż
b´µ
σ

a´µ
σ

φptqdt

“Φ

ˆ

b´ µ

σ

˙

´ Φ

ˆ

a´ µ

σ

˙

“ P

ˆ

a´ µ

σ
ă Z ă

b´ µ

σ

˙

,

P pX ă bq “ Φ

ˆ

b´ µ

σ

˙

, P pX ą aq “ 1´ Φ

ˆ

a´ µ

σ

˙

.

��©Ù�²�5K:

P pX P pµ´ σ, µ` σqq “0.6827,

P pX P pµ´ 2σ, µ` 2σqq “0.9545,

P pX P pµ´ 3σ, µ` 3σqq “0.9973.
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~3.3. �X „ Np2, 0.32q, ¦P pX ą 2.4q.

): t “ x´µ
σ , P pX ą 2.4q “ 1´ Φ

`

2.4´2
0.3

˘

“ 1´ Φp1.33q.

NL¥Φp1.32q “ 0.90658,Φp1.35q “ 0.91149.

^�5��úª?1Cq?n:

fpxq «fpaq `
fpbq ´ fpaq

b´ a
¨ px´ aq,

Φp1.33q «0.90658`
0.91149´ 0.90658

1.35´ 1.32
¨ p1.33´ 1.32q

“0.9082167.

P pX ą 2.4q « 1´ 0.9082167 “ 0.0918.
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�α ą 0, β ą 0. eX �VÇ�ÝXe:

ppxq “

$

&

%

βα

Γpαqx
α´1e´βx, x ą 0,

0, x ď 0,
(3.6)

Ù¥, Γpαq “

ż 8

0
yα´1e´ydy.

K¡X Ñl³ç©Ù(ëê�α, β), P�X „ Γpα, βq.

Γpα` 1q “ αΓpαq, pα ą 0q; AO/, Γpnq “ pn´ 1q!.

Γpα` 1q “

ż 8

0
yαe´ydy “ ´

ż 8

0
yαde´y

“´ yαe´y|80 `

ż 8

0
e´ydyα “ α

ż 8

0
yα´1e´ydy “ αΓpαq.

���<: oÀº, U�: ÙE 1�Ù



 
�x ą 0 �, ppxq “ βα

Γpαqx
α´1e´βx; �x ď 0 �, ppxq “ 0.

Ù¥, Γpαq “
ş8

0 yα´1e´ydy, pα ą 0q.

α “ 1: Γp1q “ 1. ¯¢þ, Γp1, βq “ Exppβq.

α “ 1
2 : CþO�y “ z2

2 , K

Γp
1

2
q “

ż 8

0
p
z2

2
q´

1
2 e´

z2

2 d
z2

2
“
?

2

ż 8

0
e´

z2

2 dz “
?
π.

5: eZ „ Np0, 1q, KZ2 „ Γp1
2 ,

1
2q.

¡Γpn2 ,
1
2q �gdÝ�n �k�©Ù, P�χ2pnq.

¡Γpα, 1q �IO³ç©Ù.

���<: oÀº, U�: ÙE 1�Ù
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�m ą 0, η ą 0. eX �VÇ�ÝXe:

ppxq “

$

&

%

mxm´1

ηm exp
!

´

´

x
η

¯m)

, x ą 0,

0, x ď 0,

K¡X Ñl%Ù�©Ù(ëê�m, η), P�X „ Wpm, ηq.

m ¡�/Gëê, η ¡�ºÝëê.

-y “ x
η , z “ ym “ pxη q

m, K

ż 8

´8

ppxqdx “

ż 8

0
mym´1e´y

m
dy “

ż 8

0
e´zdz “ 1.

Wp1, ηq “ Expp 1
η q.

5: NõÅ>�¬�Æ·Ñl%Ù�©Ù. %Ù�©ÙÚ�

ê©Ù3ó��¬�Æ·���5ïÄ¥k2�A^.
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©Ù¼ê

§2.4 ©Ù¼ê��ÅCþ¼ê�©Ù

½Â4.1. �X ´���ÅCþ, ¡¼ê

F pxq “ P pX ď xq, p´8 ă x ă 8q, (4.1)

�X �©Ù¼ê({PCDF). P�FXpxq. �PX „ F p¨q.

5: ?Û���ÅCþÑk©Ù¼ê.

5: ��ó, X �©Ù¼êFXp¨q �gCþÀ^ÎÒx;

Y �©Ù¼êFY p¨q �gCþÀ^ÎÒy.

���À^x, =FY pxq, px P Rq EL«Y �©Ù¼ê.

Ï�¼ê�gCþÎÒ�À^ØK�¼ê(N�'X)��.

���<: oÀº, U�: ÙE 1�Ù



 

©Ù¼êF pxq “ P pX ď xq �5�:

(1) 0 ď F pxq ď 1, p´8 ă x ă 8q;

(2) üNþ,/4O: ex ď y, KF pxq ď F pyq;

(3) limxÑ´8 F pxq “ 0, limxÑ8 F pxq “ 1;

y: tX ď ´nu Œ H; tX ď nu Œ Ω.

(4) mëY: limyÑx` F pyq “ F pxq;

y: tX ď x` 1
nu Œ tX ď xu.

5: tX ď x´ 1
nu Õ tX ă xu.

(5) P pa ă X ď bq “ F pbq ´ F paq.

y: òtX ď bu ©��ü¬: tX ď au, ta ă X ď bu.

(6) eX �ëY., KP pa ă X ă bq “ F pbq ´ F paq.

y: ëY.%¹XP pX “ bq “ 0.
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lÑ.�ÅCþ�©Ù¼ê:

~4.1. �X „ Bp1, pq. Pq “ 1´ p, K

F pxq “

$

’

’

’

&

’

’

’

%

0, x ă 0,

q, 0 ď x ă 1,

1, x ě 1.

5: ��ó, lÑ5�ÅCþ�©Ù¼ê��F¼ê.

e©Ù�/XP pX “ xkq “ pk, k “ 1, 2, ¨ ¨ ¨ ,

KFXp¨q �mä:/a:�xk, éA�a�ÌÝ�pk.
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ëY.�ÅCþ�©Ù¼ê:

�X ´ëY., �Ý�ppxq, ©Ù¼ê�F pxq. K

F pxq “ P pX ď xq “

ż x

´8

pptqdt. (4.2)

F pxq ´ppxq ��¼ê.

(1) F p¨q ´ëY¼ê;

(2) e�Ýppxq 3x0 ëY, K

F 1px0q “ ppx0q.

5: �F pxq (©ã)ëY��, �¼ê�ppxq; ½�3�K¼

êppxq ¦�(4.2) ¤á. KX �ëY., ppxq =�Ù�Ý.
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~4.2. �λ ą 0; ®¦^
t ���>f+3�e5�∆t ��S

��VÇ�λ∆t` op∆tq. >f+Æ·�0 �VÇ´0. ¦: >f+

3T��S���VÇ.

): ò>f+�Æ·P�X, À��ÅCþ.

P©Ù¼ê�F p¨q, ¦P pX ď T q “ F pT q.

dK�,

P pt ă X ď t`∆t|X ą tq “ λ∆t` op∆tq.

�>“
P pt ă X ď t`∆tq

P pX ą tq
“
F pt`∆tq ´ F ptq

1´ F ptq
, �

F pt`∆tq ´ F ptq

∆t
“p1´ F ptqq ¨

ˆ

λ`
op∆tq

∆t

˙

.

-∆tÑ 0, íÑ

F 1ptq “ λp1´ F ptqq.
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F 1ptq “ λp1´ F ptqq, (t ą 0).

�F p0q “ P pX ď 0q “ 0. (�, F ptq “ 0, (t ď 0)).

)�F ptq “ 1´ e´λt, (t ą 0). L§Xe: ét ą 0,

F 1ptq

1´ F ptq
“ λñ

d

dt
ln
`

1´ F ptq
˘

“ ´λñ F ptq “ 1´ c ¨ e´λt.

?�Ú, F p0q “ 0 ñ c “ 1 ñ F ptq “ 1´ e´λt.

>f+fT ��S���VÇ:

P pX ď T q “ F pT q “ 1´ e´λT .

©Ù�ÝXe, �X „ Exppλq.

pptq “ F 1ptq “

$

&

%

λe´λt, �t ą 0,

0, �t ď 0.

���<: oÀº, U�: ÙE 1�Ù



 

�ÅCþ¼ê

�fpxq, p´8 ă x ă 8q ´¼ê. Y “ fpXq ´�ÅCþ.

Y ´EÜ¼ê, Y pωq “ fpXpωqq.

eX ��x, KY ��y “ fpxq.

X: �X ´©f��Ç, Y “ 1
2mX

2 ´©f�ÄU,

Ù¥, m �©f��þ, À�~ê.

¯K: ®�X �©Ù, XÛ(½Y “ fpXq �©Ù?

8I: ÏLX �©Ù, ¦Y “ fpXq �©Ù.

���<: oÀº, U�: ÙE 1�Ù



 

lÑ.�ÅCþ�¼ê:

�X ´lÑ., ©Ù��P pxkq “ pk, k “ 1, 2, . . .

�A/, Y “ fpXq ��fpx1q, fpx2q, . . . , fpxkq, . . .

e�fpxkq, k “ 1, 2, . . . pØ�Ó, KY �©Ù��

P pY “ fpxkqq “ pk, k “ 1, 2, . . .

efpxkq, k “ 1, 2, . . . ¥kE��. �¤kpØ����

�y1, y2, . . . , KY �©Ù�/X:

P pY “ yiq “
ÿ

k:fpxkq“yi

pk, i “ 1, 2, . . .
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~4.3. & 4.4. X �©Ù�

X 0 1 2 3 4 5

P pX “ xkq
1
12

1
6

1
3

1
12

2
9

1
9

.

-Y “ 2X ` 1, Z “ pX ´ 2q2.

Y �©Ù:
Y 1 3 5 7 9 11

P pY “ ykq
1
12

1
6

1
3

1
12

2
9

1
9

.

Z �©Ù: éA�z�(�E) fpxiq �VÇ:

Z 4 1 0 1 4 9

pk
1
12

1
6

1
3

1
12

2
9

1
9

.

Ü¿�=�Z �©Ù�

Z 0 1 4 9

P pZ “ ziq
1
3

1
6 `

1
12

1
12 `

2
9

1
9

.
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ëY.�ÅCþ¼ê:

~4.5. �X „ Npµ, σ2q, -Y “ X´µ
σ . ¦Y �©Ù.

): Y �©Ù¼ê:

FY pyq “P pY ď yq “ P p
X ´ µ

σ
ď yq

“P pX ď µ` σyq “ FXpµ` σyq.

¦�, íÑ pY pyq “ pXpµ` σyq ¨ σ.

òpXpxq “
1?
2πσ

exp
!

´
px´µq2

2σ2

)

�\, =�

pY pyq “
1

?
2πσ

exp

"

´
pµ` σy ´ µq2

2σ2

*

“
1
?

2π
e´

y2

2 .

=, Y „ Np0, 1q.
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¦ëY.�ÅCþ¼ê��Ý����{:

�X �ëY., Ù�Ý3k��:x1, ¨ ¨ ¨ , xn �	(�3

�)ëY. KF 1pxq “ ppxq, x ‰ x1, ¨ ¨ ¨ , xn.

½n(SKÔ116 & 17K). eF 1pxq ëY, KX ´ëY.,

F 1pxq �Ù�Ý.

eF 1p¨q **, KX ´ëY., �ÝXe:

ppxq :“

$

&

%

F 1pxq, x ‰ x1, ¨ ¨ ¨ , xn,

0, Ù¦,

�{:

Step 1. òY �©Ù¼êFY pyq ^X �©Ù¼êL«,

XFY pyq “ FXpgpyqq, ½FXpg1pyqq ´ FXpg2pyqq, . . .

Step 2. ¦�, ��pY pyq, (^X ��ÝL«).

XpY pyq “ pXpgpyqq ¨ g
1pyq, ½. . . . . .
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~4.6(��Cþ��òz�5C�). �X „ Npµ, σ2q,

PY “ a` bX, Ù¥a, b�~ê, b ‰ 0. ¦Y �©Ù.

): FY pyq “ P pY ď yq: eb ą 0, K

FY pyq “ P pa` bX ď yq “ P

ˆ

X ď
y ´ a

b

˙

“ FX

ˆ

y ´ a

b

˙

;

eb ă 0, KFY pyq “ P
`

X ě
y´a
b

˘

“ 1´ FX
`

y´a
b

˘

.

¦��pY pyq “ pXp
y´a
b q ¨ |

1
b |.

pXpxq “
1?
2πσ

exp
!

´
px´µq2

2σ2

)

, �Y „ Npa` bµ, b2σ2q:

pY pyq “
1

?
2π|b|σ

exp

"

´
py ´ a´ bµq2

2b2σ2

*

.

AO/, eX „ Npµ, σ2q, KZ “
X ´ µ

σ
„ Np0, 1q;

�L5, eZ „ Np0, 1q, KX “ µ` σZ „ Npµ, σ2q.
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~4.7. ��¡��»ÑlUr5, 6s. ¦: �¡�¡ÈVÇ©Ù.

): X „ Ur5, 6s, Y “ 1
4πX

2. ¦pY p¨q.

Y ����: rπ4 52, π4 62s. �, y R rπ4 52, π4 62s �, pY pyq “ 0.

Ura, bs ��Ý�©Ù¼êXe: (�K¥, a “ 5, b “ 6.)

ppxq “

$

&

%

1
b´a , x P ra, bs,

0, Ù§.
F pxq “

$

’

’

’

&

’

’

’

%

0, x ă a,

x´a
b´a , x P ra, bs,

1, x ą b.

�y P rπ4 52, π4 62s �, FY pyq “ P pπ4X
2 ď yq, �

FY pyq “ P p|X| ď

c

4y

π
q “ P pX ď

c

4y

π
q “

c

4y

π
´ 5,

ñpY pyq “ F 1pyq “
1
?
πy
.
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~4.8. �pXpxq =kk��ØëY:, f 1p¨q ëY�??�u".

¦: Y “ fpXq ��ÝpY pyq.

): fp¨q ëY, î�üNþ,, Ù��P�pA,Bq,

p´8 ď A ă B ď 8q, �¼êP�gpyq (½Â�: pA,Bq).

�¼ê��ê: g1pyq “
1

f 1pgpyqq
.

éy R pA,Bq, pY pyq “ 0. @y P pA,Bq, FY pyq “ P pY ď yq,

FY pyq “ P pfpXq ď yq “ P pX ď gpyqq “ FXpgpyqq

ñpY pyq “ F 1Y pyq “ pXpgpyqq ¨ g
1pyq “ pXpgpyqq ¨

1

f 1pgpyqq
.

5: eU��u", KU�eü, 1´ FXpgpyqq, |f
1pgpyqq|.

5: fpxq �U�Øk��:	ëY��, �Iî�üN.
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~. X „ Np0, 1q, ¦Y “ X2 ��ÝpY p¨q.

): Y �����: r0,8q.

é?¿y ą 0,

FY pyq “P pY ď yq “ P p|X| ď
?
yq “ P p´

?
y ă X ď

?
yq

“FXp
?
yq ´ FXp´

?
yq

ñ pY pyq “pXp
?
yq

1

2
?
y
´ pXp´

?
yqp´

1

2
?
y
q.

òpXpxq “
1?
2π
e´

x2

2 �\, íÑ

pY pyq “
1
?

2π
e´

y
2 ¨

1

2
?
y
`

1
?

2π
e´

y
2 ¨

1

2
?
y
“

1
?

2π
y´

1
2 e´

y
2 .

éy ď 0, pY pyq “ 0. �Y „ Γp1
2 ,

1
2q.
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~4.9. �F p¨q “ FXp¨q ´ëY¼ê, KY “ F pXq „ Ur0, 1s.

): F pxq ����r0, 1s, ¤±Y ��ur0, 1s.

éy P p0, 1q, Xe½Â�x0 �¢ê.

x0 :“ inftx : F pxq ě yu “ suptx : F pxq ă yu.

x ă x0: F pxq ă y;
::::::
x ą x0: F pxq ě y;

::::::
x “ x0: F pxq ě p“qy.

�/I: x ă x0 ô F pxq ă y; �/II:
::::::
x ě x0 ô F pxq ě y.

�/I: x ă x0 ô F pxq ă y; �/II: x ě x0 ô F pxq ě y.

U�: xÑ X, F pxq Ñ F pXq “ Y . d�/I,

FY pyq “ P pY ă yq “ P pX ă x0q “ F px0q “ y.

(Ï� P pY “ yq ď P py ď Y ă y` 1
nq ď py`

1
nq ´ y “

1
n Ñ 0.)

Y „ Ur0, 1s: FY pyq “ y, 0 ă y ă 1; dFY p¨q �üN5�

FY |yď0 “ 0;FY |yě1 “ 0 ñ pY pyq “ 1, p0 ă y ă 1q.
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~4.10 �¼êF pxq äke�5�:

(1) üNþ,/4O: ex ď y, KF pxq ď F pyq;

(2) limxÑ´8 F pxq “ 0, limxÑ8 F pxq “ 1;

(3) mëY: limyÑx` F pyq “ F pxq;

KF pxq �X “ gpUq �©Ù¼ê, Ù¥U „ Up0, 1q,

gpyq “ inftx : F pxq ě yu, p0 ă y ă 1q.

y: Px0 “ gpyq, K

�/I: x ă x0 ô F pxq ă y; �/II: x ě x0 ô F pxq ě y.

�/I: x ă x0 ô F pxq ă y; �/II: x ě x0 ô F pxq ě y.

U�: y Ñ U , x0 “ gpyq Ñ gpUq “ X. d�/II,

P pX ď xq “P px ě Xq “ P pF pxq ě Uq “ P pU ď F pxqq “ F pxq.
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